Size-dependent elastic behavior of FGM ultra-thin films based on generalized refined theory  by Lü, C.F. et al.
International Journal of Solids and Structures 46 (2009) 1176–1185Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/ locate / i jsols t rSize-dependent elastic behavior of FGM ultra-thin ﬁlms
based on generalized reﬁned theory
C.F. Lü a,b,*, C.W. Lim b, W.Q. Chen a
aDepartment of Civil Engineering, Zhejiang University, Hangzhou 310058, PR China
bDepartment of Building and Construction, City University of Hong Kong, Kowloon, Hong Kong, PR Chinaa r t i c l e i n f o
Article history:
Received 30 June 2008
Received in revised form 8 October 2008
Available online 1 November 2008
Keywords:
Functionally graded thin ﬁlm
Surface effects
Size-dependent
Surface elasticity
Generalized reﬁned theory0020-7683/$ - see front matter  2008 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2008.10.012
* Corresponding author. Fax: +86 571 8820 8685.
E-mail address: lucf@zju.edu.cn (C.F. Lü).a b s t r a c t
A generalized reﬁned theory including surface effects is developed for functionally graded ultra-thin ﬁlms
with different surface properties. The classical generalized shear deformable theory is adopted tomodel the
ﬁlm bulk, while the bulk stresses along the surfaces of the bulk substrate are required to satisfy the surface
balance equations of the continuum surface elasticity. As a result, the shape function also shows
size-dependence on the ﬁlm thickness. Since the ﬁlm is non-homogeneous through the thickness, the state
space method and approximate laminate model are employed to derive the variation of shape function
through the thickness direction. A simply supported thin ﬁlm in cylindrical bending is considered as an
example to illustrate the application of the present theory. By comparing to the Kirchhoff plate theory
including surface effects, the necessity of the present theory for FGM thin ﬁlms is solidly validated. It is
established that the present FGM thin ﬁlms exhibit signiﬁcant size-dependence when the thickness
approaches tomicro-scale. As the gradient index changes, the extent of size-dependence varies accordingly.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The concept of functionally graded materials (FGMs) was ﬁrst
proposed by Japanese material scientists in the early 1980s (Koiz-
umi, 1993). This novel generation of composites is achievable by
controlling the volume fractions, microstructure, porosity, and
inclusion shape etc. of the material constituents during manufac-
turing. As a result, they are microscopically heterogeneous with
spatial gradient of macroscopic material properties, hence leading
to the superiorities in mechanical and thermomechanical proper-
ties to the conventional laminated composites. During the past
decade, FGMs have attained wide applications in various aspects
of engineering sciences, such as electronics, optics, nuclear,
biomedical, biology, chemistry, and mechanical engineering, etc.
In most recent years, they are ﬁnding increasing employments in
micro-/nano-electro-mechanical systems (MEMS/NEMS), for
instance, the components in the form of shape memory alloy thin
ﬁlms with a global thickness in micro- or nano-scale (Craciunescu
and Wuttig, 2003; Fu et al., 2003, 2004; Witvrouw and Mehta,
2005; Mahmud et al., 2008). As these ultra-thin ﬁlms are highly
sensitive to external stimulations, understanding mechanical prop-
erties and behavior of these components are of fundamental con-
cerns in designing and performance evaluation of MEMS/NEMS.
However, for such plate-like ultra-thin ﬁlms, direct use of clas-
sical continuum model is bounded to fail in predicting theirll rights reserved.mechanical behavior, owing to the signiﬁcant dependence of effec-
tive elastic properties of such micro- or nano-scaled structures on
their absolute size (Wong et al., 1997; Cuenot et al., 2004; Zhou
and Huang, 2004). It has been well established that, for MEMS/
NEMS structures and elements with at least one dimension in mi-
cro-range, surface effects on their mechanical behavior become
increasingly indispensable when the absolute thickness gets smal-
ler (He et al., 2004; Lim and He, 2004; Lu et al., 2006; Huang, 2008).
In fact, the surface of a solid is such a region that its own atom
arrangement differs from that of the bulk, and hence its macro-
mechanical properties (Ibach, 1997; Muller and Saul, 2004). To
incorporate the surface effects, Gurtin and Murdoch (1975a,b) pro-
posed a general continuum model for surface elasticity. They trea-
ted the surface of a solid as a two-dimensional membrane, with
negligible thickness and different material properties compared
to that of the bulk materials, and perfectly adhering to the under-
lying bulk solid. Basic equations in the classical Kirchhoff plate the-
ory (CKPT) were used to model the ﬁlm bulk, while a non-classical
boundary conditions were enhanced to assure the balance of the
surface layer by virtue of the surface and bulk stresses.
Gurtin and Murdoch’s model (1975a,b) has been widely applied
for various micro- or nano-scaled structures during the past several
years. For pure bending and unidirectional tension of nano bars and
plates, Miller and Shenoy (2000) obtained the size-dependent
results in excellent agreement with their atomistic simulations by
choosing proper material constants for the surface layer. Subse-
quently, Shenoy (2002) investigated the size-dependent torsion
of nano bars with prismatic sections. He et al. (2004) proposed a
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Fig. 1. Cartesian coordinate system of a functionally graded thin ﬁlm.
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nano-ﬁlms with an arbitrary geometry and edge boundary condi-
tions. They used the transfer-matrix method along with an asymp-
totic expansion technique, hence deriving closed-form solutions
for mechanical behavior of the ﬁlm. Lim and He (2004) investigated
the surface effects on the large deﬂection of ultra-thin ﬁlms by
incorporating surface elasticity into the Von Karman plate theory
using the Hamilton’s principle. In their model, however, the normal
bulk stress along the surface of bulk substrate was ignored as in the
classical plate theories, and therefore, the surface balance equation
in Gurtin and Murdoch (1975a,b) involving this bulk stress cannot
be satisﬁed. Regarding this situation, Lu et al. (2006) assumed a lin-
ear variation through the thickness of the transverse normal stress
so that the surface balance equations are satisﬁed. This assumption
for transverse normal stress was later considered by Huang (2008)
when analyzing large deﬂection of thin ﬁlms.
It is seen that the above work mainly contributes to isotropic
and homogeneous materials, for which material constants at the
upper and lower surfaces of the ﬁlms were all assumed the same.
Hence, the existing formulations are not applicable any more if the
ﬁlm is functionally graded through the thickness direction. In fact,
for FGM thin ﬁlms, the classical thin plate theory will produce
unsatisfying even incorrect results when material properties vary
abruptly due to the existing of complex shear deformations. Fur-
thermore, the linear assumption of bulk transverse normal stress
through thickness is also inadequate to model the stress ﬁeld. For-
tunately, a generalized reﬁned theory was proposed by Bian et al.
(2005) for FGM plates. In their theory, a generalized shape function
was introduced to account for the complex transverse deforma-
tions in FGM plates especially those with high aspect ratio or with
abrupt variation of material properties. The shape function was
determined by virtue of the ﬁeld balance equation with the condi-
tion of zero transverse stresses at lateral surfaces, as well as the
additional constraints for the function ensuring the in-plane dis-
placement and transverse shear strain at the middle-plane.
To account for the effects of complex shear deformations, a con-
tinuum reﬁned model coupled with surface elasticity is proposed
for FGM ultra-thin ﬁlms. The mechanical ﬁeld of FGM ﬁlm bulk
is modeled using the basic equations in the generalized reﬁned
theory proposed by Bian et al. (2005), while the bulk stresses along
the surfaces of the bulk substrate are replaced by the surface bal-
ance equations (Gurtin and Murdoch, 1975a,b). The latter equa-
tions, replacing the zero transverse shear stresses at surfaces in
the classical reﬁned theory (Bian et al., 2005), are used as the con-
straint conditions for determining the shape function. When deter-
mining the shape function, a differential equation with variable
coefﬁcient is encountered, for which the approximate laminate
model as well as the state space method (Bian et al., 2005) is em-
ployed. Unlike the neglecting by Bian et al. (2005) and the linear
assumption by Lu et al. (2006), the bulk transverse normal stress
is assumed to vary cubically through the thickness so that the sur-
face balance equations are enforced. This cubic hypothesis is
mainly based on the recognition from the three-dimensional solu-
tions for FGMs (Huang et al., 2008). Finally, numerical results are
presented to illustrate the surface stress effects on bending and
free vibration of FGM ultra-thin ﬁlms. Effects of the gradient index
on the extent of size-dependence are also discussed.
2. Basic formulations
2.1. Surface model
Consider a thin ﬁlmmade of functionally graded materials, with
the thickness of h. The Cartesian coordinate system is established
so that the x1Ox2 plane coincide with the mid-plane of the plate
and with x3 deﬁned by the right-hand rule, as shown in Fig. 1.Accordingly, the two surfaces of the plate Sþ and S can be denoted
by x3 ¼ h=2, respectively. In this work, all bulk material proper-
ties of the FGM ﬁlm are only graded through the thickness direc-
tion, i.e. dependent on x3.
According to the surface model proposed by Gurtin and
Murdoch (1975a,b, 1978), the surface stresses in the surface layers
Sþ and S are determined by
sab¼ ss dabþðls ss Þðua;bþub;aÞþðks þss Þuc;cdabþss ua;b; ð1aÞ
s3b ¼ ss u3;b ð1bÞ
where ss are the residual surface stresses under unconstrained con-
ditions, ks and ls are the surface Lamé constants, d is the Kronecker
delta function, and the superscript ‘±’ denotes the surface layers Sþ
and S, respectively. Here and in the text hereafter, Latin subscripts
range from 1 to 3, while Greek subscripts take values 1 and 2. Fur-
thermore, the surface and bulk stresses satisfy the following bal-
ance equations of the surface layers:
sia;a  ri3 ¼ qs €ui at x3 ¼ h=2; ð2Þ
where sia are surface stresses, ri3 ¼ ri3 xa;ðh=2Þ; tð Þ and ui ¼
ui xa;ðh=2Þ; tð Þ are bulk stresses and bulk displacements at
x3 ¼ h=2, respectively, and qs are the surface mass densities. It is
noted from Eq. (2) that the surface stresses has dimension of force/
length, and hence ss, ks and ls have the same dimension, while qs
is in mass/length2.
2.2. Basic equations including surface effects
The equations of motion for the ﬁlm bulk are given by
rij;j þ fi ¼ q€ui; ð3Þ
where rij and ui are the bulk stress and displacement components,
respectively, fi the body forces, q the bulk mass density, and the
double over-dot denotes the second-order derivative about time t.
Considering the surface effects in Eq. (2), Eq. (3) can be re-expressed
into the global form in terms of resultant forces and moments as (Lu
et al., 2006)
Nia;a þ qi ¼
Z h=2
h=2
q€uidx3 þ qþs €uþi þ qs €ui ; ð4aÞ
Mab;b  N3a þ ra ¼
Z h=2
h=2
q€uax3 dx3 þ h2 ðq
þ
s €u
þ
a  qs €ua Þ; ð4bÞ
where qi ¼
R h=2
h=2 fi dx3 and ra ¼
R h=2
h=2 fax3 dx3, and
Nia ¼ Nia þ sþai þ sia; Mab ¼ Mab þ
h
2
ðsþba  sbaÞ; ð5Þ
are termed as the generalized resultant forces and resultants
moments including surface effects. In the above expressions, Nia
and Mab are the resultant forces and moments in the ﬁlm bulk, de-
ﬁned by
Nia ¼
Z h=2
h=2
riadx3 and Mab ¼
Z h=2
h=2
rabx3 dx3; ð6Þ
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following constitutive relations:
ria ¼ E1þ m eia þ
m
1 m eccdia
 
þ m
1 mr33dia: ð7Þ
As mentioned earlier, the normal stress r33 is assumed to be zero in
the CKPT and the reﬁned theory by Bian et al. (2005) owing to its
small magnitude compared to the in-plane stresses rab, but it must
satisfy the surface balance conditions in Eq. (2) and was assumed
linearly distributed by Lu et al. (2006). However, the linear assump-
tion for r33 may be not adequate enough for FGMs especially those
with high gradient in material properties. According to the three-
dimensional elasticity solutions for r33 of FGM plates (Huang
et al., 2008), r33 here is assumed to vary cubically through the
thickness, and its derivative about x3 at the vicinity of two surfaces
are assumed zero, i.e. r33;3 ¼ 0 at x3 ¼ h=2. Using the third expres-
sion (i = 3) in Eq. (2), r33 is then obtained as
r33 ¼ f ðx3Þ qþs €uþ3 þ qs €u3
  sþ13;1 þ s13;1 h i
þ 1
2
sþ13;1  s13;1
 
 qþs €uþ3  qs €u3
 h i
; ð8Þ
where f ðx3Þ ¼ 2 x3h
x23
h2
 34
 
.
It should be pointed out that, once a particular displacement
model is introduced into the above formulation, the entire solution
procedure can be performed following the routine job for the anal-
ysis of plates based on various plate theories. That is, the key step is
to select a suitable displacement model applicable to FGM ﬁlms
especially those with abruptly varying bulk material properties.
Among the existing various higher-order shear deformable theo-
ries (Reddy, 1984; Bian et al., 2005), the displacement shape func-
tions are constructed by enforcing the transverse shear stresses at
x3 ¼ h=2 to zero. However, for ﬁlms of micro- even nano-scales,
the surface effects must be considered, and hence the bulk trans-
verse shear stresses at x3 ¼ h=2 are not zero any more but re-
quired to satisfy the surface balance conditions in Eq. (2). Here,
the generalized reﬁned theory proposed by Bian et al. (2005) for
FGM plates is combined with the surface elasticity to study elastic
behavior of FGM ultra-thin ﬁlms.3. Cylindrical bending of FGM ﬁlms
Consider a ﬁlm inﬁnitely extent in the x2-direction and having a
constant length l in the x1-direction. The ﬁlm is assumed only
subjected to a transverse load q3 uniformly distributed along the
x2-direction. It is therefore in the state of cylindrical bending with
e22 ¼ e12 ¼ e23 ¼ 0 and all variables are independent of x2. Here,
surface effects on the two end vertical planes, or called the end
effects, are neglected. The displacement ﬁeld is assumed to be
u1ðx1; x3Þ ¼ uðx1Þ  x3w;1ðx1Þ þuðx3Þhðx1Þ; ð9aÞ
u3ðx1; x3Þ ¼ wðx1Þ; ð9bÞ
where u and w are the displacements at the mid-plane ðx3 ¼ 0Þ, h is
the transverse shear strain at mid-plane of the ﬁlm, and u is a dis-
placement shape function having the dimension of length. In order
that the above physical senses of u and h are effective, the shape
function u must satisfy
uð0Þ ¼ 0; u0ð0Þ ¼ 1; ð10Þ
where a prime denotes the derivative about x3. It is obvious that
the displacement ﬁeld in Eq. (9) is reduced to the classical thin
plate theory, the ﬁrst-order and Reddy’s (1984) third-order shear
deformable theories when u equals to 0, z, and x3ð1 4x23=3h2Þ,
respectively.With the aid of Eq. (9), the two non-zero strains are obtained as
e11 ¼ u;1  x3w;11 þuh;1; c13 ¼ u0h; ð11Þ
and the non-zero surface and bulk stresses are
s11 ¼ ss þ as ðu;1  x3w;11 þuh;1Þ; s13 ¼ ss w;1; ð12Þ
r33 ¼  2ssf ðx3Þ  12Dss
 
w;11 þ 2qsf ðx3Þ  12Dqs
 
€w; ð13aÞ
r11 ¼ E1 m2 ðu;1  x3w;11 þuh;1Þ þ
m
1 mr33; r13 ¼ lu
0h; ð13bÞ
where as ¼ 2ls þ ks and l ¼ E=2ð1þ mÞ.
Substituting Eq. (9) into Eq. (4) for cylindrical bending, the dif-
ferential equations governing transverse deformations are derived
as follows:
N11;1 ¼ Is0€u Is1 €w;1 þ Iu0€h; ð14aÞ
M11;11 þ 2ssw;11 þ q3 ¼ Is1€u0;1 þ Is0 €w Is2 €w;11 þ Iu1€h;1; ð14bÞ
M11;1  N31 ¼ Is1€u Is2 €w;1 þ Iu1€h ð14cÞ
where
Is0 ¼ I0 þ 2qs; Is1 ¼ I1 þ 12Dqsh; Is2 ¼ I2 þ
1
2
qsh
2
;
Iu0 ¼ Iu0 þ qþs uþ þ qs u
 
; Iu1 ¼ Iu1 þ
1
2
h qþs u
þ  qs u
 
;
ðI0; I1; I2; Iu0; Iu1Þ ¼
Z h=2
h=2
qð1; x3; x23;u; x3uÞdx3: ð15Þ
In Eq. (15), Dqs ¼ qþs  qs and qs ¼ 12 qþs þ qs
 
, in which the indica-
tion of D and overbar also holds for other surface constants. Substi-
tuting Eqs. (12) and (13) into Eqs. (5) and (6), the equivalent
resultant force N11, equivalent resultant moments M

11, and resul-
tant force N31 in Eq. (14) are expressed by virtue of displacements as
N11 ¼ 2ss þ A11u;1  B11 þ B0
 
w;11 þ J0 €wþ Au0h;1; ð16aÞ
M11 ¼
1
2
hDss þ B11u;1  D11w;11 þ J1 €wþ Au1h;1; ð16bÞ
N31 ¼ B31h; ð16cÞ
where the coefﬁcients are deﬁned by
A11 ¼ A11 þ 2as; B11 ¼ B11 þ
1
2
hDas; D11 ¼ D11 þ
1
2
h2as þ B1;
Au0 ¼ Au0 þ aþs uþ þ as u; Au1 ¼ Au1 þ
1
2
h aþs u
þ  as u
 
;
ðA11;B11;D11;Au0;Au1Þ ¼
Z h=2
h=2
E
1 m2 1; x3; x
2
3;u; x3u
 
dx3;
B31 ¼
Z h=2
h=2
lu0dx3;
J0 J1
B0 B1
" #
¼
Z h=2
h=2
m
1 m
2qsf ðx3Þ  12Dqs
2ssf ðx3Þ  12Dss
" #
1 x3½ dx3;
ð17Þ
where as ¼ 2ls þ ks and Das ¼ 2Dls þ Dks.
Substituting Eq. (16) into (14), the governing differential equa-
tion including surface effects are expressed in terms of displace-
ments as follows:
A11u;11 B11þB0
 
w;111þAu0h;11¼ Is0€u Is1þ J0ð Þ€w;1þ Iu0€h; ð18aÞ
B11u;111D11w;1111þ2ssw;11þAu1h;111þq3¼ Is1€u0;1þ Is0 €w
 Is2þ J1ð Þ €w;11þ Iu1€h;1; ð18bÞ
B11u;11D11w;111þAu1h;11B31h¼ Is1€uðIs2þ J1Þ €w;1þ Iu1€h:
ð18cÞ
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and x1 ¼ l, then the solution to Eq. (18) can be assumed to have the
form of
u ¼
X1
m¼1
Um cosðkmx1Þeixmt ; w ¼
X1
m¼1
Wm sinðkmx1Þeixmt;
h ¼
X1
m¼1
Hm cosðkmx1Þeixmt; ð19Þ
where km ¼ mp=l, m is the half-wave number, and xm is circular
frequency. The transverse load can also be expanded into Fourier
series as in Eq. (19), i.e. q3 ¼
P1
m¼1q3m sinðkmx1Þ. Note that, for static
bending problem, the exponential function of time t in Eq. (19) is
discarded. Here, for simplicity, the external load and the inertia
forces are treated in a uniform manner. Substitution of Eq. (19) into
Eq. (18) leads to the following decoupled equation for each m:
A11k
2
m ðB11 þ B0Þk3m Au0k2m
B11k3m D11k4m þ 2ssk2m Au1k3m
B11k
2
m D11k3m Au1k2m þ B31
2
664
3
775
Um
Wm
Hm
8><
>:
9>=
>;
¼ x2m
Is0 ðIs1 þ J0Þkm Iu0
Is1km Is0 þ ðIs2 þ J1Þk2m Iu1km
Is1 ðIs2 þ J1Þkm Iu1
2
664
3
775
Um
Wm
Hm
8><
>:
9>=
>;þ
0
q3m
0
8><
>:
9>=
>;:
ð20Þ
For any given form of the shape function u, the integrations
denoted in Eqs. (15) and (17) can be performed numerically or ana-
lytically. Therefore, upon evaluating all coefﬁcients deﬁned in (15)
and (17), a unique solution to the algebraic equation (20) yields
the values of the unknowns constant coefﬁcients Um, Wm, and Hm,
and then that of the unknown displacement functions, u, w, and h
in Eq. (19). The manner in which the shape function u is deter-
mined should therefore be a main concern in accurately predicting
the elastic ﬁelds.
4. Determining the shape function uðx3Þ
In order to determine the shape function u, the ﬁrst of the
three-dimensional equations of equilibrium in Eq. (3) should be
used. In order to look into the surface effects in a theoretical view,
the following derivations are all given in non-dimensional form.
Note that in this stage all effects of body forces and inertia forces,
including bulk inertias in Eq. (3) and surface ones in Eq. (13b) are
all neglected. Hence, for the present cylindrical bending, this equa-
tion becomes
oR11
lon
þ oR13
hof
¼ 0; ð21Þ
where Rij ¼ rij=Eb, n ¼ x1=l, and f ¼ x3=h, with Eb denoting the bulk
Young’s modulus at x3 ¼ h=2. Expressing the bulk stresses in
terms of displacement components in Eq. (19), the above equation
is reduced to
d/
df
 E
1 m2
k2m u ¼ 
E
1 m2
k2m
kmWmgðfÞ  Um
 	
; ð22Þ
where u ¼ u=h, / ¼ ldu=df, l ¼ l=Eb, E ¼ E=Eb, km ¼ mph=l,
Wm ¼Wm=hHm and Um ¼ Um=hHm are two non-dimensional ratios,
and the function gðfÞ is obtained as
gðfÞ ¼ fþ mð1þ mÞ 2ss
Eh
f ðfÞ  Dss
2Eh
 
: ð23Þ
In this equation, g(f) and f(f) are non-dimensional functions of f,
hence the appearance of ss leads to the size-dependence of g(f)
on thickness h, thus leading to the size-dependent non-dimensionalshape function in Eq. (22). The quantities 2ss=E and Dss=2E, having
the dimension of length, are only dependent on material properties
and termed as the intrinsic length scale. If the surface effects are
neglected, Eq. (22) is reduced to that obtained by Bian et al. (2005).
For the present FGM ﬁlm, Eq. (22) is a differential equation with var-
iable coefﬁcients, which can be solved using the approximate lami-
nate model and the state space method (Bian et al., 2005). For this
purpose, Eq. (22) for a special layer, say the kth layer, the solution is
dðkÞðfÞ ¼ eðffk1ÞCkdðkÞðfk1Þ Wm km
Z f
fk1
gðsÞeðfsÞCkds
" #
pk
þ Um
Z f
fk1
eðfsÞCkds
" #
pk ð24Þ
for fk1 6 f 6 fk, where dðkÞ ¼ ½ uðkÞ; /ðkÞT is called the state vector,
and
Ck ¼
0 1=lk
k2mEk=ð1 m2kÞ 0
 
; pk ¼
k2mEk
1 m2k
0
1

 
: ð25Þ
Although the approximate laminate model is employed, the in-
plane displacement and shear stress are continuous physically at
every artiﬁcial adjacent interface, which means that the shape
function uðkÞ and /ðkÞ should be continuous. Hence, the following
transfer relation is derived:
d
ðiÞ
1 ¼ Ti;jdðjÞ0 WmPi;j þ UmQ i;j; ð26Þ
where the subscript 0 and 1 denote the bottom and top surfaces of
an individual layer, and the coefﬁcient matrices are obtained as
Ti;j ¼
Yj
k¼i
exp½ðfk  fk1ÞCk; Pi;j ¼
Xi
k¼j
Ti;kþ1D1kpk;
Q i;j ¼
Xi
k¼j
Ti;kþ1D2kpk; D1k ¼ km
Z fk
fk1
gðsÞeðfksÞCk ds;
D2k ¼
Z fk
fk1
eðfksÞCk ds;
in which Tk;kþ1 ¼ I. In order to obtain a unique solution to Eq. (26),
the constraint conditions for u must be incorporated. These condi-
tions include the requirement of in-plane displacement and shear
strain at the middle plane in Eq. (10) and the surface balance
conditions for transverse shear stress at x3 ¼ h=2. For the present
displacement model in Eq. (9) and the solution in Eq. (19), the
balance condition for r13 at x3 ¼ h=2 in Eq. (2) is reduced to the
non-dimensional form as follows:
as
Ebh
k2m Um 
1
2
kmWm þ u
 
 / ¼ 0: ð27Þ
When the conditions in Eqs. (10) and (27) are incorporated into Eq.
(26), the following algebraic equations are derived:
T11N;1 þ T12N;1k2m a

s
Ebh
Q1N;1 þ T12N;1k2m a

s
Ebh
P1N;1 þ 12 T12N;1k3m a

s
Ebh
T21N;1 þ T22N;1k2m a

s
Ebh
Q2N;1 þ T22N;1k2m a

s
Ebh
P2N;1 þ 12 T22N;1k3m a

s
Ebh
0 Q22N;M  Q12N;M þ 1
 
k2m
aþs
Ebh
P22N;M þ 12 km þ P12N;M
 
k2m
aþs
Ebh
2
6664
3
7775

u
Um
Wm
8><
>:
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>; ¼ l0
0
1
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þ
s
Ebh
T122N;M
8><
>:
9>=
>;; ð28Þ
where M ¼ N þ 1, N is the total number of artiﬁcial layers, and
l0 ¼ Eb l0 is the bulk material constant at x3 ¼ 0, which is intro-
duced into Eq. (28) according to the continuity condition
/ðNÞ1 ¼ /ðNþ1Þ0 . It is noted that another intrinsic length scale as =Eb is
included in Eq. (28) owing to the surface balance conditions in Eq.
(27). From the above analysis, the size-dependence of shape func-
tion on the thickness h arises from two factors of intrinsic length
-0.6 -0.3 0 0.3 0.6
-0.5
-0.25
0
0.25
0.5
3x
h
ϕ
I-s 
II-s 
I-d 
II-d 
Fig. 3. Size-dependent shape function u for homogeneous ﬁlms with various
surface properties (h = 108 m).
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Dss=2E, and the other involving surface elasticity, as =Eb. It is obvi-
ous that Eq. (28) is reduced to that obtained by Bian et al. (2005)
if the surface effects are completely excluded. Once Um, Wm, and
the variable u at x3 ¼ h=2 are solved from Eq. (28), / can be cal-
culated from Eq. (27). Hence, substituting u and / into Eq. (24),
the state vector relating to shape function u at any x3 are attainable.
At this stage, the integrals involving u in Eqs. (15) and (17) can be
performed numerically, and hence, the solution of algebraic equa-
tion (20) about displacement amplitudes Um, Wm and Hm.
5. Numerical examples
In the present analysis, the numerical calculations are carried
out for FGM ﬁlms composed of two phases, respectively, with the
following bulk and surface properties (Gurtin and Murdoch, 1978):
Phase I:
E1 ¼ 177:3 GPa; m1 ¼ 0:27; q1 ¼ 7000 kg m3;
ks1; ls1; ss1½  ¼ 8; 2:5; 1:7½  Nm1;
qs1 ¼ 7 106 kg m2; ð29Þ
and Phase II:
E2 ¼ 56:25 GPa; m2 ¼ 0:25; q2 ¼ 3000 kg m3;
ks2; ls2; ss2½  ¼ 7:0; 8:0; 0:11½   103 N m1;
qs2 ¼ 7 104 kg m2: ð30Þ
The effective properties of the ﬁlm bulk are determined by the
Mori–Tanaka model (Mori and Tanaka, 1973), which are expressed
as
Ke  K1
K2  K1 ¼
V2
1þ V1ðK2  K1Þ=ðK1 þ 4l1=3Þ
; ð31Þ
le  l1
l2  l1
¼ V2
1þ V1ðl2  l1Þ=½l1 þ l1ð9K1 þ 8l1Þ=6ðK1 þ 2l1Þ
;
ð32Þ
where Ke and le are the effective bulk and shear module, K1, l1, and
V1 are the bulk modulus, shear modulus, and volume fraction of
Phase I, and K2, l2, and V2 ¼ 1 V1 are the corresponding quantities
of Phase II. The effective Young’s modulus and Poisson’s ratio of the
composites are related to the bulk and shear module according to
K ¼ E
3ð1 2mÞ ; l ¼
E
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Fig. 2. Size-dependent shape function u for homogeneous ﬁlms wUnlike the effective bulk modulus and shear modulus, the effective
mass density at a single point through the thickness of the ﬁlm bulk
is determined by the rule of mixture as
q ¼ q1V1 þ q2V2; ð34Þ
where q1 and q2 are the bulk mass density of the two material
phases, respectively. In the present analysis, the volume fraction
V2 is assumed to vary over the thickness according to the following
power law function:
V2 ¼ 12þ
x3
h
 j
; ð35Þ
where the superscript j is a power law index that indicates the vol-
ume fraction proﬁle through the thickness. For the scheme of vol-
ume fraction proﬁle, the bottom surface of the ﬁlm is of pure
Phase I and the top of pure Phase II. Under this circumstance, the
surface layer of the ﬁlm is assumed to have the surface properties
of the phase material consisting of that surface. That is, the bottom
surface layer has the surface properties in Eq. (29), and the top has
those in Eq. (30). Eq. (35) also implies that the ﬁlm will be homoge-
neous composed solely of Phase II as j = 0 (V2 = 1), and of Phase I as
j!1 (V2 = 0). However, these two limit cases correspond to the
homogeneous ﬁlm with different surface layers. In the following-0.4 -0.2 0 0.2 0.4
-0.5
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0
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(Unit: m) 
ith various thickness h (m): (a) j = 0 (II-s); (b) j!1 (I-s).
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Fig. 4. Size-dependent shape function u for FGM ﬁlms with various gradient
indices.
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ﬁlm composed merely of Phase I (or Phase II) with the same and dif-
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Fig. 5. Size-dependent mid-plane displacements for ultr5.1. Surface effects on shape function uðfÞ
The surface effects on the shape function u are ﬁrst investi-
gated. Fig. 2 presents through-thickness distribution of the size-
dependent shape functions u of two homogeneous ﬁlms with the
same surface properties (I-s and II-s) for various h. It is shown that,
when the thickness is in macro-scale (h = 102 m), the shape func-
tions including surface effects (ISE) for both ﬁlms are exactly the
same as those excluding surface effects (ESE) predicted by Bian
et al.’s method (2005). Furthermore, the surface effects of the Phase
II ﬁlm are much more signiﬁcant than that of the Phase I ﬁlm. This
is mainly due to the fact that the surface properties of Phase II are
two- or four-order higher than that of Phase I, which leads to the
quite different intrinsic length scalesin Eqs. (23) and (28). For exam-
ple,, the intrinsic length scale 2ss=E and as =E for Phase II are
3.9  109 and 1.3  107 m, respectively, while the counterparts
for Phase I are only 1.9  1011 and 5.3  1011 m, respectively.
This indicates that the surfaces effects on shape function will be
quite obvious when the ﬁlm thickness reaches the order of
106 m for Phase II, and at least 1010 m for Phase I. It is obvious
that the effect of residual surface stresses is less than that of the
surface elasticity constants for the present two materials. Such dif-
ference is also reﬂected by the distribution of shape functions in50 60 70 80 90 100
10 -6m) 
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a-thin ﬁlms of various bulk and surface properties.
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Fig. 6. Size-dependent through-thickness distributions of displacements and stresses for homogeneous ﬁlms (j = 0, II-d).
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Fig. 7. Size-dependent through-thickness distributions of displacements and stresses for FGM ﬁlms (j = 0.5).
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thinner for Phase II, but it is reversed for Phase I, which is believed
owing to the different sign of their intrinsic length scale as =E. This
observation for the two material phases means that the surface ef-
fects may stiffen or soften the rigidity of the ﬁlm, consistent to that
found by Zhou and Huang (2004).
Fig. 3 shows size-dependent shape functions of homogeneous
ﬁlms of h = 108 m with various surface properties. For this thick-
ness, the shape function of I-s is almost the same as that of the ESE
case; and that of II-s is nearly linear through the thickness, as also
observed in Fig. 2. Special notice should be thrown on the cases
with different surface properties, I-d and II-d, for which the shape
functions are hardly distinguishable and the variations at the vicin-
ity of two surfaces are coincident with those given in Fig. 2. Shape
functions for ﬁlms having different thickness and gradient index j
are plotted in Fig. 4. It is seen that for FGM ﬁlms the shape function
also reveals signiﬁcant size dependence due to the surface effects.
5.2. Static bending
As illustrative examples, the ﬁlms is assumed subjected to a
sinusoidal distributed load q3 ¼ q0 sinpn, i.e. m = 1. The length-
to-thickness ratio of the ﬁlm is constantly taken as l/h = 10. For bet-
ter overview of the surface effects or the size-dependent bending
behavior of FGM ﬁlm, all mechanical quantities are presented in
the following non-dimensional form:
ðu1; u3Þ ¼ 100Db
q0l
4 ðu1; u3Þ; ðr11; r13Þ ¼
ðr11;r13Þ
q0
;
whereDb ¼ Eb=12ð1 m2bÞ is a scale of bending rigidity, with Eb and mb
denoting the bulk Young’s modulus and Poisson’s ratio at x3 ¼ h=2.-0.3 -0.15 0 0.15 0.3
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Fig. 8. Size-dependent through-thickness distributions oFirst, the size-dependent displacement components at the mid-
plane are presented in Fig. 5. The abscissa represents the ﬁlm
thickness, and the ordinate denotes relative deviation of the ISE
displacements from the ESE ones, i.e. dd ¼ ðdISE  dESEÞ=dESE, where
d can be the non-dimensional quantities of u1ð0;0Þ, u3ðl=2;0Þ, or
hð0;0Þ. All non-dimensional displacements decrease with the ﬁlm
thickness when surface effects are included. For example, u3 of
the case II-s decreases by about 10% when h = 25 lm, and the rel-
ative decrement exceeds 20% and 70% when h = 10 and 1 lm,
respectively. For the cases II-d and I-d, the size-dependent behav-
ior is weakened as the surface effects of Phase I are much less than
that of Phase II, as discussed in the last subsection. In comparison,
such decrement of h is about one-half of that of u3. For the case I-s,
the curves for du3 and dh are almost equal to zero, implying that the
surface effects for ﬁlms even with 1 lm are negligible. The du3  h
and dh  h curves for FGM ﬁlms locate between those for I-d and II-
d. The smaller is the gradient index j, i.e. the more volume inclu-
sion of Phase II, the more signiﬁcance the surface effects shows. For
u1, only the results for FGM ﬁlms are attainable, since homoge-
neous ﬁlms without surface effects undergoes no in-plane dis-
placement, i.e. dESE = 0. For FGM ﬁlms, du1 almost four times du3
for a same gradient index. It should be emphasized that the size-
dependent curves of du1 , unlike that of du3 and dh, does not vary
monotonically versus the gradient index j. Films with more abrupt
variation of bulk materials, say j = 0.1 and j = 20, shows more
apparent size-dependence than those with gradual material varia-
tions. Also presented are du3 for the cases I-s and II-s obtained by Lu
et al. (2006), and du1 and du3 for I-d, II-d and FGM ﬁlms obtained by
Lu et al. (2008) based on the classical thin plate theory including
surface effects (SKPT). Obviously, for du1 and du3 , the present results
are identical to the SKPT results. From this respect, it seems that
the present reﬁned theory is too much for the FGM thin ﬁlms.0 0.5 1 1.5
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0
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0
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f displacements and stresses for FGM ﬁlms (j = 5).
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following analysis.
Figs. 6–8 present the through thickness displacements and
stresses at selected cross-sections for homogeneous and FGM ﬁlms
with various gradient indices. Fig. 6 is for the case II-s, and the
remaining ﬁgures for j = 0.5 and j = 5, respectively. For the II-s
ﬁlm, the in-plane normal stress r11 varies linearly (Fig. 6), coinci-
dent with the direct result of basic assumptions in the SKPT. How-
ever, r11 varies in an obvious non-linear manner for FGM ﬁlms. For
j = 0.5 and j = 5 (Figs. 7 and 8), the non-linear variations of r11
both occur within the domain wherein the bulk materials vary
abruptly. From this observation, for better prediction of the stress
ﬁeld for FGM materials, the SKPT is not adequate even though the
aspect ratio of the ﬁlm h/l is very small. Therefore, the necessity of
the present reﬁned theory is validated.
Figs. 6–8 also shows that the bulk normal stress r11 at the two
surfaces does not remain unchanged with the ﬁlm thickness but
decreases gradually. Similarly, the transverse shear stress r13
equals to zero in the conventional theory by Bian et al. (2005) or
when the thickness is in macro scale (solid line). However, it in-
creases obviously at the surface of Phase II as the ﬁlm thickness de-
creases. Such behavior is hardly visible at the surface of Phase I for
the considered thickness. It is noted that the shear stress in Fig. 60
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Fig. 9. Size-dependent natural frequencies ofbecomes increasing asymmetric about the mid-plane as h de-
creases, although the II-s ﬁlm has symmetric material and geome-
try conﬁgurations. This should attribute to the effect of different
surface stresses s11 in Eq. (2), as determined in Eq. (12). Such sur-
face stress effects also partly contribute to the asymmetry of nor-
mal and shear stresses for FGM ﬁlms in Figs. 7 and 8. In general,
the through-thickness distributions of all stresses becomes
increasingly gentle as the ﬁlm thickness h decreases.
5.3. Free vibration
To investigate the surface effects on free vibration of FGM ﬁlms,
the natural frequencies for bending modes of thin ﬁlms are
computed and compared to those based on the classical theory
excluding surface effects. Fig. 9 gives the relative deviation dx2m ¼ðx2m;ISE x2m;ESEÞ=x2m;ESE verse the ﬁlm thickness based on the
reﬁned present theory and the SKPT. The deviation of natural
frequencies against the ESE results increases as h decreases. It is
contrary to the static bending behavior, but reﬂecting exactly the
same essence, i.e. surface effects stiffen the ﬁlms in the present
examples. A similar phenomenon to that of static bending lies in
that the surface effects on natural frequencies get more obvious
as j decreases, i.e. the volume inclusion of Phase II increases.50 60 70 80 90 100
0 -6m) 
κ=0 (II-s) 
κ=0 (II-d) 
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bending modes for FGM ultra-thin ﬁlms.
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tical to those based on the SKPT (Fig. 9a). However, for the second-
and ﬁfth-order in Fig. 9b and c, respectively, the present curves for
the considered gradient indices are all below the SKPT curves. In
other words, including of shear deformation will decrease the sur-
face effects on natural frequencies. Furthermore, such weakening
of surface effects become increasingly visible as the vibration mode
is higher. In this regard, the present reﬁned theory is further vali-
dated substantial for FGM ultra-thin ﬁlms.
6. Conclusions
A generalized reﬁned theory including surface effects has been
developed for FGM ultra-thin ﬁlms. The present model is an
improvement of the size-dependent thin plate theory proposed
by Lu et al. (2006), since the present theory is applicable to FGM
ﬁlms or homogeneous ﬁlms with different surface properties. It
is also a generalization of the classical reﬁned theory by Bian
et al. (2005) for FGMs with macro-scales. The key step in the pres-
ent analysis is to determine the shape function in the basic dis-
placement model. The transverse shear stresses are no longer
zero at the surfaces, but required to satisfy the surface balance
equation, and hence the shape function also relies on surface stres-
ses. Compared to the theory by Lu et al. (2006), the present theory
has the integral forms of the deformation rigidities and some addi-
tional terms involving the differences of surface properties. As a di-
rect result, the formulations for FGM ﬁlms will be reduced to that
for homogeneous ﬁlms with different surface layers, when the gra-
dient index equals to zero or approaches to inﬁnity. Numerical
examples were carried out to show that the surface effects become
increasingly signiﬁcant as the ﬁlm thickness approaches to the
intrinsic length scales of the materials. It was also established that,
for the FGM ﬁlms, the surface effects on elastic behavior of FGM
ﬁlms rely signiﬁcantly on the volume fraction proﬁles of the com-
ponent phases.
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